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Materials

Properties of the Photon Shell Geodesic Deviation From Bound Orbits
This section derives the Lyapunov exponent (Eq. 8) that governs the exponential geodesic deviation (Eq. 7), using the same conventions as (25) . Figure S1 shows the Lyapunov exponent γ(ϕ ρ ) for selected values of black hole spin and inclination. Here, ϕ ρ is the angle east of north (or counterclockwise from vertical) for the lower panels in Figure 2 ; thus, the projected spin axis points toward ϕ ρ = 90 • .
where R(r) and Θ(θ) are potentials for the radial and polar motions, respectively, and the slash notation ffl indicates that these integrals are to be evaluated along the geodesic, with turning points in each motion occurring whenever the corresponding potential vanishes.
Bound orbits occur at double roots of the radial potential where R(r) = R (r) = 0. For the bound orbit at radius r γ , the angular integral, evaluated over one half-orbit, is the complete elliptic integral of the first kind and Methods Supplementary
Consider a nearby photon on a nearly bound geodesic, initially at a radius r = r γ + δr 0 infinitesimally close to the bound orbit (0 < δr 0 1). After n half-orbits, it advances to the larger radius r = r γ + δr n such that
Since R(r γ ) ≈ R (r γ ) ≈ 0 for the nearly bound geodesic, the radial integral is approximately
It follows that the photon's radial deviation from the bound orbit at radius r = r γ grows exponentially, with Lyapunov exponent
Edge of the Black Hole Shadow
Inverting the cubic equation of Eq. 6 yields the radius of the bound photon orbit with angular momentum
Hence, one can also parameterize the curve C γ delineating the edge of the black hole shadow by . The zero angular momentum bound orbit has radius r γ 0 .
At large n, the photon subrings rapidly converge to the curve C γ delineating the edge of the black hole shadow. Figure S2 shows the shadow size and asymmetry as a function of black hole spin and inclination. To define these quantities, we use the maximum diameters of the shadow parallel and perpendicular to the black hole spin axis, d and d ⊥ . Measurements of non-zero asymmetry provide a lower bound on inclination and spin. When paired with complementary measurements of black hole mass, the combination of diameter and asymmetry uniquely determines the spin and inclination. More generally, measuring the full shape of the shadow uniquely determines the mass, spin, and inclination, apart from the degenerate case for face-on viewing (which gives a circular shadow), even without complementary measurements of mass.
Subring Flux Ratio
This section provides a more detailed derivation of Eq. 13, from which Eq. 14 follows, for the case of images appearing outside the black hole shadow.
Assume a geometrically and optically thin, axisymmetric, equatorial emission region around the black hole, and consider two photons with a radial turning point along their trajectory: photon (a), which impinges upon the observer screen at (ρ c + δρ, ϕ ρ ) and underwent n + 1 halforbits after emission at radius r γ + δr arrive at the screen with approximately the same intensity, which implies Eq. 13. Note that this argument relies on Eq. 7, which holds only as long as the emission radii δr 
Interferometric Signatures of Rings
This section extends the discussion of interferometric signatures of photon rings from the main text.
Image Centroid Displacement
The analysis in the main text focused on rings centered at the origin. Even neglecting measurement errors, a non-zero black hole spin causes the shadow centroid to be displaced from the origin (see Figure 2 ). However, a centroid displacement has a simple visibility signature:
visibilities for an image displaced by ∆x are equal to those of the original image multiplied by a linear phase slope, e −2πi∆x·u . This term does not modify visibility amplitudes and could be removed for experiments designed with sensitivity to absolute interferometric phase.
Estimating the Angular Spectrum of a Ring
The inverse of Eq. 19 iŝ
This relationship is not restricted to a ring and trivially generalizes to any image that is separable, I(ρ, ϕ ρ ) = I ρ (ρ)I ϕ (ϕ ρ ).
Hence, as asserted in the main text, the angular image spectrum {β m } of a ring can be determined from its angular visibility spectrum. On long baselines, the asymptotic approximation for the Bessel function gives
where · · · replaces the oscillating radial component by its envelope, cos π du − 2m+1 4 → 1.
Effects from Transient Compact Structures
As noted in the text, interferometric signatures of the photon ring can be obscured by other image structures with power on similar scales. As an example of this effect, Figure S3 shows three snapshots of the GRMHD simulation from Figure 1 and their 
Additional Observational Considerations
This section provides details on the interferometer sensitivities quoted in the main text and discusses additional considerations for detecting the photon ring.
The sensitivity of an interferometer is a baseline-dependent quantity, naturally expressed through the standard deviation σ of its complex thermal noise. This noise is independent of the source details and depends only on the geometric mean of the station sensitivities quantified via their system equivalent flux densities (SEFDs), the integration time τ , and the averaged bandwidth ∆ν
Here, η Q is a correction factor of order unity caused by the quantization of received emission (for two-bit quantization, η Q ≈ 0.88). For details, see (18).
The SEFDs depend only on the effective area A eff and the effective system temperature T sys of each telescope, SEFD = 2k B T sys /A eff . The system temperature depends not only on the noise temperature of the receiver, but is also heavily affected by the sky noise and opacity. For 
Nevertheless, while the maximum integrated bandwidth must be significantly smaller than ∆ν d to avoid smearing the periodic signature, wider recorded bandwidths could still be coherently combined to improve sensitivity by fitting parametric models for the damped radial periodicity (e.g., as in Figure 4 ).
The maximum amount of temporal averaging τ is likewise geometrically limited by the rate |u| at which a baseline tracks through the (u, v) plane (18). However, integration times are likely to be more severely limited, to only a few seconds or minutes, by the quality of the reference oscillators and the atmospheric phase stability. Significantly longer integrations could Korean VLBI Network and up to ∼hours when interleaving observations of a calibrator (33).
For Sgr A * , blurring from scattering in the ionized interstellar medium presents a separate limitation for high resolution studies of the photon ring (34). Because the blurring from interstellar scattering declines approximately with the squared observing frequency while angular resolution is proportional to frequency, every physical baseline has a minimum observing frequency imposed by the scattering
Alternatively, in terms of the dimensionless baseline length, ν > ∼ 200 GHz u 10 Gλ . Thus, observations of Sgr A * with sufficient angular resolution to detect the sharp component of the photon ring (n ≥ 2) would likely require ν > ∼ 1 THz. However, the blurring from scattering for M87 is smaller than that for Sgr A * by a factor of ∼10 3 , rendering the effects negligible. be possible with improved VLBI time standards, which have been explored and will also be necessary for operation at high frequencies (29), or through phase-referenced observations via co-located arrays (30) or multifrequency observations (31, 32) . For instance, multifrequency observations have been used to obtain coherence times of ∼20 minutes at 130 GHz with the Here, the diameter is specified as the maximum value for a slice parallel to the spin axis (d ); the fractional asymmetry is defined as A ≡ 1 − d ⊥ /d . Plotted contours for each are equally spaced. The shaded region shows the plausible range of inclination for M87 assuming that the black hole is aligned with the its jet (26). The GRMHD simulations used in this paper have d ≈ 9.837M/D and d ⊥ ≈ 9.737M/D, giving A = 1.02%. See also (27) . Baseline (Gλ) Fig. S3 . Snapshot images and visibilities. Three instantaneous snapshots for the GRMHD simulation shown in Figure 1 (top) and their corresponding visibility amplitudes (bottom). Interferometric signatures for the snapshots are qualitatively similar to those for the time-averaged image; all show a damped radial periodicity. However, the snapshot images have more complex azimuthal structure in the photon ring as well as more small-scale structure outside the photon ring, with both effects contributing to the more complex interferometric signature on long baselines (see also Figure 4 ). Consequently, interferometric studies of the photon ring with a sparse interferometer will be more difficult with short observations than with long observations ( M ) that can be coherently combined.
